Abstract Combination of Fresnel Zone Plates (FZP) can make an excellent telescope for imaging in X-rays. We present here the results of our experiments with several pairs of tungsten made Fresnel Zone plates in presence of an X-ray source kept at a distance of about 45 feet. The quasi-parallel beam allowed us to study sources placed on the axis as well as off the axis of the telescope. We present theoretical study of the fringe patterns produced by the zone plates in presence of a quasi-parallel source. We compare the patterns obtained from experiments with those obtained by our MonteCarlo simulations. The images are also reconstructed by deconvolution from both the patterns. We compare the performance of such a telescope with other X-ray imaging devices used in space-astronomy.
ray films. To circumvent this, Coded Aperture Masks (CAM) (Mertz & Young, 1960; Ables, 1968; Dicke, 1968) are widely used. While a CAM has an advantage that it is a single element instrument, it has the disadvantage that the resolution is low, and is limited by the smallest mask element. Recently, grazing incidence focusing instruments are being developed specially in space missions such as NUSTAR and SIMBOL-X (Ramsay, 2006; Pereschi, 2008) , where target resolutions of 20−40 arc seconds are being contemplated. A relatively simpler concept is, however, present in the literature. It was realized (Mertz 1965 ) that high resolution can be achieved when X-ray shadows are cast with two perfectly aligned Fresnel zone plates and the Moiré fringes could be discerned by suitable detectors. Furthermore, the resolution is independent of the energy of Xrays. Theoretically, the resolution could be arbitrarily high as it increases with the separation D of the zone plates, apart from being proportional to the finest element in the plate. Since small-pixel detectors were unavailable even though this concept was well established, there was hardly any application. Desai and his collaborators (1993, 1998, 2000) showed renewed interests in this type of telescopes and actually carried out an experiment and showed that an image reconstruction was possible.
However, so far, a detailed and quantitative exploration of imaging with single and multiple sources in laboratory environments has not been carried out with Fresnel Zone Plate telescopes. With the recent development of CMOS based X-ray detectors where each pixel could be as small as 50 microns, it has become necessary to revisit the problem once more to actually study the feasibility of sending Zone Plate telescopes for space applications. Furthermore, the high resolution imaging devices could be used for medical purposes also. This is important since a high dose of X-ray is required when conventional X-ray films are used. In laboratory and medical uses, however, the beams are likely to be diverging. It is therefore necessary to study the feasibility of imaging with diverging beams as well.
In this series of papers, we plan to explore the practical aspects of the zone plate telescopes, focusing on the effects of the divergence of the beam and achievable resolutions in diverging beams. We also study with various combinations of zone plates. Our results are also supported by Monte-Carlo simulations carried out with parallel and divergent beams. Later in this series we will describe the results of the test and evaluation of two zone plate telescopes for the RT-2 experiments on board the Russian satellite CORONAS-PHOTON to be launched shortly.
The plan of our present paper is the following. In the next Section, we briefly describe the mathematical formalism behind the functioning of a Fresnel zone plate telescope and the properties of the Moiré patterns falling on the detector. In Sections 3 and 4, we describe the setup of our experiment and the scheme of Monte-Carlo simulations. In Section 5, we present results obtained with a single on-axis or offaxis source with two different configurations of the zone plates and with two types of zone plates. Monte-Carlo simulations of these cases are also presented to support the experimental results. In Section 6, we present results with multiple sources and present simulation results. Finally, in Section 7, we make concluding remarks. In Paper II, of this series we will make a comparative study of Monte-Carlo simulations for single and multiple sources at various distances as well as for parallel beam, which is not achievable in the laboratories. In Paper III (Nandi et al., 2008) , we will discuss the test and evaluations of the RT-2 payload to be launched aboard CORONAS-PHOTON satellite.
Mathematical Formalism of the Zone Plate Optics

Source located at a large distance
If f (r) is the source function, then the 2-dimensional Fourier transform is defined by,
where ρ is the spatial frequency for which the transformation is computed. This can be re-written as,
Here, the exponential term of eq. (1) has been broken in a manner that each transmittance term on eq. (2) can have non-negative values only. Each such term represents a mask. Two sets have positive transmittance and two sets have negative transmittance. Two of them will produce cosine transformation and other two will produce sine transformation (Barrett & Myers, 2004) . In order to produce a suitable mask having above transmittance, we recall that a Fresnel zone plate has the following transmittance function,
where α is a constant and S(r) is a support function (equals to 1 within the outer boundary of the zone plate and zero outside). The sgn function is +1 when sin(αr 2 ) > 0 and −1 when sin(αr 2 ) < 0. The transition from opaque to clear zones occurs at the zeros of sin(αr 2 ), i.e., at αr 2 n = nπ. Here, r 1 = π/α is the radius of the innermost zone and rn = √ nr 1 . It is also possible to have a zone plate having transmittance function
Here, the sign of the cosine term changes at αr 2 n = (n ± 1 2 )π) for n = 1, 2, 3....... In order to see how a set of zone plates, each having a transmittance given by either eq. (3a) or eq. (3b) (with either positive or negative sign) may behave as a Fourier transformer as presented in eq. (2), we expand the left hand side of eq. (3a) as,
Combining with another zone plate of transmittance T (r − rs) and expanding in a similar series with k ′ replacing k, and keeping only the lowest terms (k = −k ′ = ±1), we obtain,
s )]S(r, rs) + other terms (5) where S(r, rs) = S(r)S(rs). Here, rs being the shift vector in the plane of the zone plate of the origin of the second plate with respect to the first. By choosing the lowest k we ignored the lesser significant higher order terms, chirp terms, odd harmonics terms etc. (Shulman, 1970; Barrett & Swindell, 1981 , 1996 . The 'other terms' include these and also the original transmittance of each zone plate. It is clear that the bright Moiré fringes will be produced when the argument of cosine will be unity, i.e., αr.rs − αr 2 s = nπ with n = 1, 2, 3....... First note that since rs and α are constants, the projection of r on rs must be fixed on a given bright fringe, i.e., on a constant n. Thus the fringes must be straight lines. Second, the fringe separation is π/αrs. Thus, when the relative shift rs becomes larger, the fringe separation becomes smaller.
In a zone plate telescope, plates are aligned but the source is kept off-axis in order to get relative shift rs of the ray of light. Sources at a higher off-axis location produce finer fringe separations. Whether these are detectable depends on how fine the detector pixels are. The fringe patterns on the detector are inverse Fourier transformed to get the source location.
It is easy to analysis the results for different combinations of the zone plates. We summarize a few interesting ones here. Case (i): When both the plates have positive transmittance with zone boundaries at
2 )r 0 (r 0 is a constant.), the combined transmittance is:
This is a cosine transformer and the brightness modulation of the fringe is between while the other has zones at rn = (n + 1 2 )r 0 , the combined transmittance is:
This is a sine transformer and the brightness modulation is same as above. Case (iii): When one plate has a positive transmittance and the other has a negative transmittance and both have zones at rn = √ nr 0 or at rn = (n + 1 2 )r 0 , the combined transmittance is:
This is a cosine transformer and the brightness modulation is the same as above, but the fringes are shifted on the detector plane by a phase shift of π. Case (iv): When one plate has a positive transmittance and the other has a negative transmittance and one has zones at rn = √ nr 0 and the other has zones at rn = (n + 1 2 )r 0 , the combined transmittance becomes:
This is a sine transformer and the brightness modulation is the same as above, but the fringes are shifted with respect to eq. (6b) on the detector plane by a phase shift of π. If the experiment is carried out with either cosine or sine transformers, and the resulting shadows are inverse Fourier transformed following procedures presented in, say, Mertz (1996) , there would be symmetrically placed pseudo images and also a dc signal at the center (due to the 1/4 term in each transmittance). If the combinations (i) & (ii) or (iii) & (iv) are used, the dc signals will remain, though the pseudo images will disappear. Only when all four sets are used, would the source be reproduced accurately. However, since many terms are ignored, there would be faint traces from higher harmonics.
The 'ideal' resolution of the zone plate telescope is easy to determine: this is dictated by the highest possible angular separation of two sources, photons from which pass through the same transparent zone while reaching the same point on the detector plane (assumed to be placed immediately behind the second zone plate). Only when they are separated beyond an angular separation of r N − r N −1 /D, where N is the total number of zones in a plate), the ray from one will pass through the transparent zone and the other through the opaque zone. Thus the ideal resolution is r N − r N −1 /D radian. The resolution becomes twice as bad since there are two zone plates. This will be further limited by the detector pixel size, in case it is larger that the thinnest zone. This resolution is possible only if the source is located at infinity. When the source is at a finite distance, the resolution will be further deteriorated due to fact that the projected shadows of the zones are larger. We shall discuss these issues and demonstrate this in Paper II. However, in passing we wish to point out that by increasing D we can increase the resolution to be as high as desired provided the pointing accuracy is also high enough.
Source located at a finite distance
Since for any laboratory experiment we must have the source at a finite distance, the beam can not be quite parallel. It is important to understand how the result is affected by the divergence. When the source is located at a finite distance, the computational procedure is similar, except that the fringes are no longer straight line in nature. This is shown below. Fig. 1 shows the cartoon diagram of the setup. ZP1 and ZP2 are the zone plates separated by a distance of D along the Z-axis of the coordinate system. The source S is located at the radial vector R in the X-Y plane at a distance of z from the first zone plate. The ray passing through an arbitrary point P 1 of ZP1 will intercept ZP2 at P 2 while its projection on ZP2 will be at Q. The projection of the source S on ZP1 is at S 1 . If S 1 P 1 makes an angle φ(r) at S, then QP 2 will also make φ(r) at P 1 .
From Fig. 1 , we must have,
If we follow the same analysis as in §2.1, we find that the combined transmittance in this case is given by,
Exactly in the same way as before, if we concentrate on the brightest fringes, we must have, 2αr.r
Substituting r ′ from eq. (7) and expanding we get, Fig. 1 A cartoon diagram of the setup to compute the combined shadow geometry. Here z is the distance of the point source S from the first zone plate (ZP1) and D is the distance between the two zone plates, ZP1 and ZP2. P 1 and P 2 are the points were a ray intercepts the zone plates. We assumed the thickness of the zone plates to be negligible for simplicity of computation of the resulting shadow patterns.
where
). Here, we made an assumption that 1 −
Putting r =îx +ĵy and R =îx S +ĵy S , and re-arranging, we obtain,
We observe that for a generally placed off-axis point source, located at a finite distance z from ZP1, the brightest rings form concentric circles with radii dependent on R. In case of an on-axis source at a finite distance, we put x S = 0 = y S . The radii of the brightest circular fringes would then be located at
and the darkest circular fringes would be located at,
where n is a positive integer. It is clear that the separation between the concentric circles will be reduced as n becomes larger. In passing, we may mention that when we have four sets of zone plates in a telescope, the vectors pointing to the source S from the origin of the whole telescope will not in general be located symmetrically about the four separate axis of the four sets of zone plates. In other words, the vectors R 1 , R 2 , R 3 and R 4 pointing to the source from the four optical axis would in general be unequal. Thus separate sets of concentric circles will be produced for each set and their centers need not be located at the same point in the detector plane.
When the source is far from the axis, higher n concentric circular fringes will fall on the detector plane. Strictly speaking, the fringes will still not be straight lines. One can recover straight fringes only when z → ∞. we show images of zoomed in photos of such zone plates taken on X-ray films in our laboratory. The smallest fringes of ∼ 40 micron can be seen very clearly. Unfortunately, for imaging reconstruction it is difficult to use photographs on films as the digitization is required. Furthermore, there would be noise introduced during the developing process. For this, we use the Rad-Icon made RadEye CMOS detector camera having a minimum pixel size of 50 micron. This is also the minimum fringe separation that we can resolve. This therefore restricts imaging sources to be too far away from the optical axis. Fig. 3a shows our experimental setup. It consists of an X-ray generator with a molybdenum target. The beam line is about 45 feet long. The anode voltage and the current can be controlled. At the end of beam-line the tungsten zone plates are placed, co-aligned in an aluminum tube. We made aluminum tubes, of 10 cm and 20 cm in length. Since the zone plates we use are made up of 1 mm thick tungsten, the 'opaque' zones are opaque up to ∼ 100keV. Thus we did not choose to vacuum the beam-line and supply high energy X-rays by applying higher anode voltage instead. The intervening air column will cause absorption in the soft X-rays but hard X-rays including the Kα and K β lines will remain strong. In Fig. 3b we show the setup at the detector end of the X-ray beam. Here, an aluminum tube holds zone plates in place and the CMOS imager are shown. We used both 10 cm and 20 cm long tubes which separated the plates. The digital images are captured by software on the computer screen (not shown) before further processing.
In Fig. 4 we show the spectrum of X-ray which reaches at the detector end. The anode voltage was kept at 35 kV and the current was controlled at 10 mA. The typical bremsstrahlung bump is missing due to absorption, but the Kα and K β lines are prominent.
Numerical Simulations
In a laboratory, very often, it is difficult to change the experimental set-up at will. For instance, if the detector is placed at a different distance, the whole set is to be aligned once again. Similarly, it may be difficult to study with arbitrarily high or low photon flux. Ideal and theoretically predicted resolution may be difficult to achieve experimentally. In a laboratory, generally a single point source is available and thus studying multiple or extended sourced are difficult. In order to circumvent these problems, we perform Monte-Carlo simulations of what the detector plane would 'see' at a given set-up. Thus the effects of the flux variation and the divergence of the beam Fig. 4 Spectrum of X-ray that is falling on the zone plates at the end of the 45 feet beamline. Energy (in keV) is along the X-axis, and the photon count is along the y-axis. The anode voltage is 35 kV and the anode current is controlled at 10 mA. The soft X-ray bump in the bremsstrahlung spectrum is partly absorbed by the intervening air, but the higher energy photons, including the Kα and K β lines are roughly as in the original source.
on image quality and resolution could be studied. In §2, we already showed that the fringe patterns contain information about the distance of the source from the first zone plate. Thus, with suitable arrangements, to be discussed later in this series, one could reconstruct a three-dimensional image of the source as well. We process the patterns obtained by our simulations just as we do the patterns obtained by our experiments. Thus the images can be reconstructed and studied.
For the simulation, we write an IDL code where the number of photons, the position of the source(s) and the distance of the source along with other experimental parameters such as the zone plate characteristics, distance of their separation, detector pixel size etc. can be fed as input parameters. The fringe patterns are then inverse Fourier transformed to obtain the source patterns. Details of the simulations under various conditions will be presented in Paper II (Palit et al. 2008 ) of this series.
Results
For all the experiments, we fix the anode voltage at 35 kV and the anode current is set at 10 mA. The CMOS detector is placed at a distance of 5 cm behind the zone plate. Also, the zone plate holder is kept at a distance of 5 cm from the place where the X-ray beam-line pipe terminates. Adding the length of the X-ray shielded pipe (1311 cm) and distance from source the front end of the shielded pipe (27 cm), the net distance between the source and the CMOS detector to the source becomes 1368 cm (=44.85 ft). 
On-axis quasi-parallel source
In our case, r 1 = 0.122 cm, D = 20 cm, z = 1338 cm. We get the theoretical values of the radii of the first and the second dark fringes at 0.722 cm and 1.251 cm respectively. The experimental results are 0.708 ± 0.02 cm and 1.23 ± 0.02 cm respectively which agree extremely well. Fig. 5b shows the fringe pattern produced by the Monte-Carlo simulation with 2×10 5 photons. The photons on the detector plane are binned in pixels of size 50 micron ×50 micron, exactly same as in the CMOS camera. The outcome, particularly the fringe pattern and the radii, is identical to the experimental result.
In order to show that the resolution indeed deteriorates with separation between the zone plates, we present the similar results when plates are separated by D = 10 cm, half as much as used before. In Fig. 5c , the experimental results are shown, while in Fig. 5d , the simulations results are shown. The theoretical location of the first dark fringe from eq. (12) in this case (D = 10) happens to be exactly 1 cm. This also agrees well with the simulation result. The maximum and minimum of the fringes are twice as much broad and thus the resolution is reduced by a half.
It may be noticed that the centers of the bright fringes in experiments are not exactly located on the axis. This is because of the absence of a very high precision optical bench in our set-up. From the shifting of the center of the circle and using eq. (10) above, it is easy to compute the off axisness of the source. In Fig 5a, it is 19 arc seconds and in Fig. 5c , it is 34 arc seconds. In Figs 5b and 5d, the source was chosen on axis in the simulations.
It is interesting to reconstruct the source by inverse Fourier technique. Figs. 6(a-b) depict the on-axis images produced from the experimental and Monte-Carlo results presented in Figs 5a and 5b respectively. The source reconstructed by the simulation result is somewhat noisy. With a larger number of photons this problem should go away.
Off-axis single source in a quasi-parallel beam
We now present the fringe patterns and the reconstructed images when the source is off the axis. First we choose the Type A zone plates whose separation is 20 cm. We consider the source away from the optical (set up) axis by 0.65 degree. The source makes an angle of 15 degree with the X-axis. Figures 7(a-b) show the results of the experiment and the of the simulation made with 5 × 10 6 photons. The simulated fringe patterns are in excellent agreement with the experimental results. In Figs. 7c and 7d we show the reconstructed sources from Figs. 7a and 7b respectively. We note that since we use cosine transformers the single source is showing up as a double, symmetrically placed about the origin. The simulated source is stronger as the photon number employed is high. The source also has a 'ring' around it which corresponds to the point spread function. In reality, each point source located at a finite distance produces a tiny image of the zone plate. As will be discussed in Paper II, this zone plate image starts getting smaller as the source is placed farther out. Since we have used only one transformer instead of four (see §2), there is a central pseudo-source due to the 'dc-bias' (the term 1/4 in transmittance term). This was excised in order to get clear images. In a complete telescope with four sets of zone plates, such a 'dc-bias' would not be present due to cancellation of terms.
In Figs. 8(a-d) , we show the similar results of fringe formation and the reconstructed images for D = 10 cm. Here the source is shifted away from the optical axis by 0.35 degree and about 124 degree away from X-axis. The experimental results and simulated results show excellent agreement.
We complete the discussion on an off-axis single source by using two Type C zone plates (one positive and one negative), so as to verify if the fringes have a phase shift of π, i.e., the dark fringe appears in place of bright fringe, as discussed in §2. We place the negative plate towards the source and the positive plate towards the detector. The distance between them is D = 10 cm. Distance between the detector and the source is 1358 cm. The source is away from the optical axis by 0.7 degree and the X-axis by 95 degrees. Figures 9(a-b) show the experimental and the simulation results. The central fringe (the fringe passing through the intersection of two central zones) is clearly dark. This is to be contrasted with the fringes produced by off-axis sources in Figs. 7(a-b) and Fig. 6 Reconstructed images from the experimental (a) and the simulated (b) fringe patterns shown in Fig. 5a and Fig. 5b respectively. The image by the simulation is somewhat noisy due to usage of few photons.
8(a-b) which are bright fringes. Thus the result agrees with our theoretical expectation. The reconstructed images also agree very well and we do not give them here.
Multiple off-axis quasi-parallel sources
In general, one is confronted with multiple sources within a single frame. In astronomical situations, such as X-ray sources near galactic centers or flares on the sun could be numerous within a single field of view and it is important to resolve them separately. In §2, we have discussed that with our zone plates, the resolutions are ∼ 80 − 100 arc seconds. By choosing a meter-long zone plate holder (which is feasible for any medium sized satellite), the resolution can be easily improved to ∼ 8 − 10 arc seconds which is excellent as far as the X-ray astronomy is concerned.
So far, we discussed the fringe patterns and reconstructed sources when there is a single point source. Since placing more then one strong source side by side would be difficult, we can only anticipate how a multiple source image would look like, by superposing a few digital images from the CMOS detector and reconstruct images out of the composite frame. In Figs. 10(a-b) we present the composite fringe patterns of two sources and the reconstructed images (including their aliases). Here we used Type A zone plates which are separated by D = 20 cm. The sources are away from the optical axis by 0.655 degree and 0.47 degree respectively and are below the X-axis by 15 and 14 degrees respectively. The sources appear as gray circles corresponding to small zone plate images. In Fig. 10(b) , we removed the dc-bias (squared gray area) as before. The aliases and the central 'dc-bias' can be automatically removed only when four sets of zone plates are used as discussed in $ 2.
Discussions and Concluding Remarks
Zone plates have long been conceived to generate high resolution achromatic X-ray images. Its resolution is superior compared to that of the Coded Aperture Masks (CAMs) because of its finer zones. In the present paper, we concentrated on the results of an experimental set-up where the X-ray beam is almost parallel. The collimator is 45 feet long and a zone plate of 15 mm radius makes an angle of less then 4 arc minutes at the source. We derived the nature of the fringes theoretically and showed that a point source will produce concentric circles on the detector plane. Through experiments and through Monte-Carlo simulations, we have been able to present the fringe patterns and also reconstructed the corresponding images both for the on-axis and off-axis sources. Partly because of the diverging nature of the beam and partly due to the finite size of the detector pixels, the ideal theoretical resolution was not achieved. This could however be improved during further image processing.
Resolution of a zone plate telescope could be made very high, since it is inversely proportional to the distance between the plates. From a practical point of view, in an astronomical satellite, a distance of a meter is possible which will yield (with smallest zones around 40 − 50 micron as in our experiment) a ideal resolution of 8 − 10 arc seconds. Another widely accepted type of X-ray imaging instrument having a very high resolution is the focusing grazing incidence type telescopes which are being contemplated in future space missions such as NUSTAR and SIMBOL-X. While these instruments target angular resolutions of 40 and 20 arc seconds respectively, to achieve Fig. 7 except that the distance of D = 10 cm has been used for the zone plate separation. The source is away from the optical axis by an angle of 0.35 degree and and an angle of 56 degree from the X-axis. 10 6 photons were used in the simulation.
these at high energies, formation flight architectures with focal lengths of 10m and 20m are required. Moreover, grazing incidence telescopes are expensive to build and the resolution is energy dependent, even when we assume the pointing is very accurate (any grazing type instrument is highly sensitive to alignment). In passing, we may remark that at a 20m separation, our Zone plate telescope will definitely achieve an achromatic resolution of less than an arc second.
One disadvantage of the Zone plate telescopes is that if the size of the finest zone and the distance of separation of the plates are kept fixed, the resolution will not increase even if the areas of the plates are made bigger. However, a larger size will gather more photons and will increase the sensitivity of the instrument. An achievable zone plate size could be very big (say one meter diameter, made by low Z metal quoted with high Z metal, such as lead or gold). Even with CZT detectors with 2.5mm pixel, reasonably high resolution would be achieved.
In order to check the efficiency of a zone plate telescope, we note that with our set up, simulations show (Paper-II) that a flux of about 10 − 12 photons per cm 2 is required to have the source resolved about the background. With an increase in area this number does not change! For the crab nebula, the photon flux in 20−100 keV range is about 0.12 counts/sec/cm 2 . Thus we need to integrate about 100 seconds for imaging purpose. However, for a transient source, our instrument would be more effective since we could perhaps see change in size of the X-ray emitting region (such as glowing of the whole accretion disk when the accretion rate suddenly rises). With a larger field of view (as opposed to the focusing instruments), zone plate telescopes are ideally suited for imaging transient sources at a high energy. Of course, to eliminate high energy cosmic rays which will increase the background we require the usual protective shielding on our instrument.
In the next paper (Palit et al. 2008) , of this series we shall concentrate on the image resolution, and how it depends on the source distance and the detector details. We shall also demonstrate the capability of a complete zone plate telescope which will constitute four sets of zone plates. In Paper III, we shall concentrate on the setups used in the RT-2/CZT-CMOS payload aboard the Russian solar satellite CORONAS-PHOTON (Nandi et al. 2008 ).
